The analytical expressions for the three-dimensional spatial distribution of excitons and luminescence decay kinetics of wide band-gap crystals were derived taking into account the saturation effect for absorption near the centre of the incident laser beam with Gaussian transversal profile. The model is verified for the excitonic emission of CdWO 4 crystals under excitation by ultra-short laser pulses in the region of weak excitonic absorption. 78.55.Hx, 78.47.jd, 71.35.Gg, 42.50.Md
Introduction
Exciton-exciton interaction based on the Förster dipoledipole mechanism [1] is relatively well studied in bulk semiconductors [2] and systems with quantum confinement, for instance, quantum dots [3] . However, in insulators, where only a small radius of self-trapped excitons can be observed at room temperature, much higher densities of electronic excitations are required. Modern coherent sources of radiation such as free electron lasers, powerful tuneable amplified laser systems or those based on high-order harmonic generation are capable of creating electronic excitations at densities up to 10 21 cm 3 in about 10 −13 s. By using such sources the interaction of electronic excitations has been revealed in a sequence of wide band-gap crystals and a Förster theory based model has been developed for describing luminescence yield and decay kinetics in the conditions of crystal excitation by ultra-short high-intensity laser pulses [4] [5] [6] . However, recent experiments have shown that un-der the conditions of excitation by intense sub-picosecond monochromatic pulses the effective absorption coefficient of CsI crystals becomes dependent on pulse energy [7] . In the case where excitation intensity is sufficiently high and pulse duration is short, various non-linear optical effects have to be considered for the modelling of a luminescence process. In particular, considering the excitonic nature of luminescence in CsI, such small pulse duration leads to the approximation of negligibly small contributions of excitonphonon interaction in energy relaxation during the excitation time. The possibility of the threshold phenomenon of absorption saturation due to the comparable duration of the excitation pulse and the fastest relaxation processes in the crystal has not been taken into the consideration in the above-mentioned model. In particular, at non-extreme temperatures the absorption saturation effect in semiconductors is most often associated with one of the two major mechanisms: self-induced transparency or the dynamic Burstein-Moss effect [8] . The latter is caused by the full occupation of the lowest-energy states in the conduction band by non-equilibrium carriers. It results from the wellknown Pauli exclusion principle defined for the particles, which are subject to the Fermi-Dirac statistics. However, in wide-gap dielectrics excitons are subject to the BoseEinstein statistics (at least at intensities where the exciton wavefunctions are not overlapped), and the absorption saturation effect should be caused by some other mechanism. The detailed microscopic study of the saturation and relaxation phenomena in the case of excitons created under excitation in the region of the Urbach absorption tail demands a more elaborated theoretical approach based, e.g., on the Green's function technique, but this subject lies beyond the scope of the present work.
In the present paper, we adopt the model describing the decay kinetics of excitonic emission for the case of extremely high-density excitation conditions capable of causing absorption saturation effects. Irrespective of a saturation mechanism, we assume the existence of the highest asymptotic limit 0 of exciton density in the crystal excited by a pulse with energy less than the damage threshold of the lattice and with duration comparable to the time of the shortest relaxation process. We can think that n0 should be about or below the corresponding exciton density of states integrated with the laser spectral distribution. The model is verified experimentally under the conditions of exciton creation in CdWO 4 by 80 fs laser pulses in the region of weak excitonic absorption of the order of 10 2 -10 3 cm
, where the density of exciton-phonon states corresponding to the Urbach tail is low and the saturation effects are pronounced explicitly well.
Analytical model
The set of kinetic equations for interacting electronic excitations on the recombination stage and its solution describing luminescence decay kinetics in inorganic crystals excited with short (subnanosecond) pulses with energy in the region of band-to-band transitions were suggested by one of the authors [9] . In the case of homogeneous excitation of crystals, the equations can be written in the form:
where ( ) is time dependent concentration of i-th type of electronic excitations, ( )-are binary two-particle distribution functions, which depend on time and distance between two electronic excitations of i-th and j-th types. In terms of correlation functions ( ), the distribution functions can be defined as ( ) = ( ) ( ) ( ) with natural condition (∞ ) = 1, which corresponds to the disappearing of correlations at large distances. Coefficients α → are the rates of reactions with a single initial component (exciton ionisation with formation of an electron and a hole, self-trapping of an exciton and selftrapped exciton delocalisation), which can be expressed in terms of partial lifetimes α → ≡ 1/τ → . Here, τ are radiative lifetimes in case of reactions with production of luminescence photons, K → ( ) are rates of reactions with two initial components separated by distance . 6 , if the dipole-dipole interaction alone is responsible for energy transfer in the system of electronic excitations. Here R − -is the dipole-dipole energy transfer radius proportional to the integral of the overlap of the emission spectrum of i-th excitation and the absorption spectrum of j-th excitation.
If three-particle correlations and diffusion are neglected, the equations for correlation function can be written as:
Partial solution of the set of kinetic equations for electronic excitations, their binary two-particle correlation functions for the case of interaction of excitations of the same type (e.g. self-trapped excitons) and dipole-dipole energy transfer was obtained in [4, 6] . Indexes indicating the types of excitation can be now omitted:
where erf( ) is the Gauss error function. Here is the concentration of excitations after the termination of the laser pulse, but prior to the slow emission and interaction stage. The expression obtained is applicable also for the case of non-homogeneous excitation if the spatial distribution of excitations in the crystal is smooth. In such cases we can introduce the local density of excitations, which depends not only on time but also on spatial (e.g., cylindrical) coordinates: = (ρ θ ). In the non-homogeneous case, when radiation is absorbed in the crystal according to the Beer-Lambert-Bouguer law with absorption coefficient 0 , the initial distribution of excitations can be written as:
where N max 0 is the maximum density of absorbed photons and F (ρ θ) is the = 0 plane projection of dimensionless function of distribution of the absorbed energy, identically equal to the pulse energy distribution function in the case of no reflection. z axis is normal to the surface and is directed inside the sample. The Beer-Lambert-Bouguer law can be breached if the intensity of ultra-short pulses of exciting radiation is high enough, and under such condition, a partial or complete transparency of the sample is observed [7] . Let us suppose that the relaxation time for exciton states excited by the laser field is longer than the duration of the pulse. Since the self-trapped excitons formation time is in picosecond range, this supposition is adequate for 80 fs laser pulses. The absorption of a photon with energy ω at the Urbach tail originates from the exciton states in a special phonon local fluctuation, the energy of this exciton-phonon fluctuation is E = ω. The density of such states G (E) decreases exponentially with energy E. The maximum concentration of such exciton-phonon fluctuations is 0 = G ( ω) ∆ ( ω), where ∆ ( ω) ≈ /T is the pulse energy width, T is the pulse duration. The absorption coefficient decreases linearly with the filling of the states around E = ω. Therefore the nonlinear absorption coefficient can be approximated as σ ( 0 − ( )), where σ is the exciton absorption cross-section. We suggest that in this case the non-uniform distribution of excitations at the end of the pulse = (ρ θ T ) can be estimated from the set of partial differential equations for the intensity of incident radiation I(ρ θ ) and concentration of excitations (ρ θ ) produced by it, in the form: (5) with boundary and initial conditions:
Here t is the time of pulse propagation through the media with values appertain to the interval ( 0 0 + T ), where 0 -time of the beginning of the pulse. Function I 0 (ρ θ ) is intensity distribution in the pulse of exciting radiation: It can be written as:
where I max 0 is the maximum number of photons of exciting radiation per unit square and time and ( ) is dimensionless function of pulse time profile. Functions I(ρ θ ) and (ρ θ ) in set (5) depend upon the variables ρ and θ as on parameters, therefore it is reasonable to pass to dimensionless variables = /T and ξ = σ 0 and also to the dimensionless functions of these variables:
In this case set (5) depends on dimensionless function (ρ θ) = σ T I 0 F (ρ θ) alone characterizing pulse parameters and can be written as:
with boundary and initial conditions:
The system (9) is a strongly nonlinear differential equation system. Nevertheless, the analytical solution of set (9) exists and can be written for arbitrary pulse time shape in the following form:
In terms of excitation concentration (ρ θ ) and radiation intensity at depth the solution can be written as: 
Therefore,
The expression for time dependence of luminescence can be obtained by integration of (14) over the spatial coordinates of the excited volume with factor 1/τ. After integration over coordinate z (where ∈ (0 ∞) in half-infinite sample approximation we obtain:
In the experimentally significant case of a Gaussian spatial distribution of energy in the pulse F (ρ θ) = It may be shown that in the approximation of very large 0 values, when χ 1 and approximate parity χ ≈ 1 + χ is valid, expression (16) transforms exactly into the expression for the luminescence decay kinetics for the case of absence of any saturation effects and for the Gaussian spatial profile of the pulse, which was found earlier in [4] :
Results and discussion
In order to verify the above-described model we performed the study of high-density excitation effects in CdWO 4 under the conditions of resonant creation of excitons by ultraviolet (UV) femtosecond pulses in the region of weak excitonic absorption. The experiments were performed at the Laser Research Centre of Vilnius University, using the samples and technique described earlier in [6] . The dependence of the decay kinetics of CdWO 4 excitonic emission on excitation power was measured at two different excitation wavelengths, 301.9 and 313 nm, chosen in the low-energy slope of the Urbach tail. The values of absorption coefficients at these wavelengths, 920 and 70 cm −1 , respectively, were taken from [10] . As an example, the decay curves of the excitonic emission at excitation wavelength 313 nm are shown for different excitation pulse energies in Fig. 2 . One can see clearly that the shape of the decay curve changes from almost single exponential at low pulse energies to explicitly non-exponential at 7.8 µJ. The best fit of the experiment curves with equation (16) is represented in each case by solid lines. Despite the fact that the above-described model delivers a perfect fit of the experimental decay curves, direct estimation of such important interaction parameters such as R − and 0 is complicated because they are always coupled in the final expressions (15) and (16), and the uncertainty in determination of a single parameter is too high. Provided R − is a constant parameter characterizing the material, it is necessary to perform similar measurements at different excitation wavelengths in order to obtain proper statistics for calculation of the dependence of 0 on photon energy. Thus, all the parameters of the model can be estimated. The most noteworthy feature of the emission decay kinetics at a chosen excitation wavelength is that once the excitation pulse energies exceed a certain threshold value the shape of the normalized decay curves practically stops changing, despite the increase in the total intensity of the emission. As the pulse energies are well below the ablation threshold, one can conclude that saturation effects of some sort can play role here. In order to show the saturation process in a more quantitative way we introduce a measure of relative losses of luminescence related to the quenching caused by exciton-exciton interaction in the form:
Here I 0 stands for the initial luminescence intensity, I 0 t gives the full light sum for the hypothetical case of absent quenching and I( ) describes the integral of a recorded decay curve. The dependence of η on excitation pulse energy for both excitation wavelengths is shown in Fig. 3 (points) . In Fig. 3 , solid lines represent the modelling curves of relative losses of luminescence (18) fitted to the experimental dependence using (16) as the expression for luminescence decay kinetics I( ). It is clear from Fig. 3 that the saturation level of luminescence loss depends on excitation wavelength, or alternatively, on the value of absorption coefficient. The lower the absorption coefficient the lower the relative yield losses. Although R − and 0 are strongly coupled in equation (16), their values can be estimated from the dependence of the relative losses of luminescence shown in Fig. 3 , respectively). The difference may be explained by the influence of a surface layer in the case of high absorption. Also the role of defect states cannot be completely disregarded for excitation at 313 nm. Considering also relatively large errors in calculation of coupled parameters, measuring of a more extended sequence of yield losses dependences on excitation wavelength is necessary for reliable estimation of R − and 0 . The corresponding experiments are under preparation now.
According to the first equation of set (12), the fact that the η parameter displays a saturated dependence when the pulse energy exceeds a certain threshold can indicate that the relative contribution of the part of a sample where radiation is absorbed according to the linear Beer-Lambert-Bouguer law into the total emission decay decreases with increasing pulse energy. The interplay between the saturated and non-saturated parts with pulse energy increase is visually demonstrated in Fig. 1 . As the saturation effect is best observed in the low-energy region of the Urbach tail near the fundamental absorption edge, it might be tentatively ascribed to the momentary saturation of the phonon spectrum due to an ultra-short excitation pulse. The saturation at 313 nm occurs at concentrations eight times smaller than for 303 nm excitation, which corresponds to the fact that the density of excitonphonon fluctuating states decreases with the increase of the energy shift from the free exciton energy. The detailed mechanism of the effect has to be yet clarified.
Conclusions
We have shown that the model of Förster's dipole-dipole interaction of electronic excitations adopted for the case of the saturation of excitonic absorption can adequately describe the decay kinetics of excitonic emission of CdWO 4 excited by ultra-short laser pulses. The duration of the excitation pulse comparable to that of the electron-photon relaxation processes and the exciting photon energy suit- ing in the region of low density of the exciton-phonon states are the major conditions to observe explicitly the saturation effects in the emission decay. In other words, for very short excitation pulses the saturation phenomenon is due to the limitation of the number of electronic excitations 0 by the number of local phonon fluctuations available in the exposed crystal volume for electronic transition of certain energy during the pulse propagation. The number 0 depends on excitation wavelength along with absorption coefficient, which is demonstrated experimentally by the spectral dependence of relative luminescence losses. Both 0 and Förster's interaction parameter R − are coupled in the model used, therefore in order to determine them the spectral dependence of relative luminescence losses have to be studied more carefully.
